Abstract Let A and B be two finite dimensional algebras over an algebraically closed field, related to each other by a stable equivalence of Morita type. We prove that A and B have the same number of isomorphism classes of simple modules if and only if their 0-degree Hochschild Homology groups H H 0 (A) and H H 0 (B) have the same dimension. The first of these two equivalent conditions is claimed by the Auslander-Reiten conjecture. For symmetric algebras we will show that the Auslander-Reiten conjecture is equivalent to other dimension equalities, involving the centers and the projective centers of A and B. This motivates our detailed study of the projective center, which now appears to contain the main obstruction to proving the Auslander-Reiten conjecture for symmetric algebras. As a by-product, we get several new invariants of stable equivalences of Morita type.
(2) The 0-degree Hochschild homology groups H H 0 (A) and H H 0 (B) have the same dimension (over the ground field k).

If A and B have no semisimple direct summands, these two conditions are further equivalent to the following (3) A and B have the same number of non-isomorphic non-projective simple modules.
We remark that there are also many stable equivalences of Morita type between non-selfinjective algebras [22] [23] [24] . We will give an example showing that the assumption of the stable equivalence to be of Morita type cannot be dropped; there are stably equivalent algebras that have non-isomorphic 0-degree Hochschild homology groups.
Denote by Z (A) the center of an algebra A. It can be considered as the set of homomorphisms as A e := A ⊗ k A op -modules from A to A, that is, Z (A) = Hom A e (A, A). The projective center Z pr (A) ⊂ Z (A) is, by definition, the subset of homomorphisms which factor through projective A e -modules. The stable center Z st (A) is defined to be the quotient Z (A)/Z pr (A).
For symmetric algebras, we get further equivalent versions of the Auslander-Reiten conjecture, refining the characterisation given in Theorem 1.1. 
If A and B have no semisimple summands, these conditions are further equivalent to the following (5) A and B have the same number of non-isomorphic non-projective simple modules.
This result indicates that the main obstruction to the Auslander-Reiten conjecture lies in the projective center; this concept will be studied in detail in the first part of this article. The statements of the corollary and further details to be given later, in particular on Cartan matrices, may lead to applications in modular representation theory. In a subsequent paper of the first two authors joint with Steffen König [15] , we continue the study in this paper and found some more invariants detecting the validity of the Auslander-Reiten conjecture. Some applications of the results of this paper are already achieved: In a recent paper [40] the last two authors proved the Auslander-Reiten conjecture for stable equivalences of Morita type between the algebras of dihedral, semidihedral or quaternion type in the sense of Erdmann [7] . The main tool there, in particular for semidihedral and quaternion type, are Theorem 1.1 and its Corollary. Moreover, again using at essential points Theorem 1.1 and its corollary, in [41] the last two authors show that the Auslander-Reiten conjecture holds for a stable equivalence of Morita type between two indecomposable tame symmetric algebras with only periodic modules, as well as for indecomposable tame symmetric algebras of polynomial growth.
The key point of the proof of the main theorem is to define the concept of the 0-degree 
where C A is the Cartan matrix and where rank p C A is its p-rank, that is, the rank of C A over k. By analyzing the stable Grothendieck group, we are able to prove that the Auslander-Reiten conjecture for stable equivalences of Morita type is equivalent to the invariance of the p-rank of the Cartan matrices. The theorem thus follows.
We will also study the notions of the projective center and the p-rank of the Cartan matrix for Frobenius algebras. More precisely, let A be a Frobenius k-algebra with a non-degenerate associative bilinear form ( , ) : A × A → k. Let {a 1 , . . . , a n } and {b 1 , . . . , b n } be a pair of dual bases of A, that is, (a i , b j ) = δ i j . We define two linear maps τ : 
the left orthogonal of Im(θ ) in A and K (A) is the commutator subspace of A.
This article is organized as follows. In the second section, we study the notion of the projective center, or equivalently, the Higman ideal. We define the stable Hochschild homology group in the third section. The fourth section contains an analysis of the stable Grothendieck groups. The main theorem and its corollary are proved in the fifth section. The last section contains an alternative proof of the main result in case that the ground field has positive characteristic.
Higman ideal and projective center
Throughout this paper, we denote by k a commutative ring. In certain cases we shall need to restrict the nature of k further. All algebras considered are Noetherian k-algebras with identity which are k-free of finite rank as k-module. When k is a field, they are just finite dimensional k-algebras over k. By a module over a k-algebra, we always mean a finitely generated unitary left module, unless stated otherwise. Given a k-algebra A, we give the list of some usual notations.
• A-mod the category of left A-modules Recall that the stable category A-mod is defined as follows: the objects of A-mod are the same as those of A-mod, and the morphisms between two objects X and Y are given by the quotient k-module 
Given any a ∈ End A e (A, A), the class ξ a corresponds to the upper short exact sequence of the pullback diagram:
In analogy to the Higman ideal in the study of orders (see [10] and [35] ), we give the following Definition 2.1 Let k be a commutative ring and A be a k-algebra. Define the Higman ideal to be
Remark 2.2 Clearly H (A) is an ideal of Z (A).
Denote by D univ the following universal exact sequence
where A e −→ A is given by the multiplication map. Then it is easy to show that the definition of the Higman ideal can be simplified as follows
Set Z pr (A) to be the subset of Z(A) consisting of A e -homomorphisms from A to A which factor through a projective A e -module. Clearly Z pr (A) is an ideal of Z (A) and we call it the projective center of A. It is now easily observed that the Higman ideal is nothing else but the projective center Z pr (A).
Proposition 2.3 Let k be a commutative ring and A a k-algebra. Then we have H (A) = Z pr (A).
Proof In fact, define the k-linear homomorphism For a symmetric k-algebra A over a field k with symmetrizing bilinear form ( , ), Héthelyi et al. (see [9] ) have defined the Higman ideal H (A) as the image of the following map
where a 1 , . . . , a n and b 1 , . . . , b n are a pair of dual bases of A. This definition can be generalized to the case of a Frobenius k-algebra over a field k. Recall that a Frobenius k-algebra A is endowed with a non-degenerate associative bilinear form ( , ): A × A → k. Let a 1 , . . . , a n and b 1 , . . . , b n be a pair of dual bases of A defined by the relations (a i , b j ) = δ i j , where δ i j is the Kronecker symbol. Then it is easy to see that the image of the above map τ is independent of the choice of dual bases. So we can define the Higman ideal for a Frobenius k-algebra A as in [9] . Note that for non-symmetric Frobenius k-algebras, we can not reverse the order of the dual bases in the definition of τ : A → A in general (see Example 2.9).
Next we show that the above definition for Frobenius k-algebras coincides with our Definition 2.1. We are grateful to the referee who suggested the following proof which is much simpler than the one proposed in the original version. Proof A key observation is that the map f : A → A ⊗ k A sending 1 to i b i ⊗ a i is an injective homomorphism of bimodules. In fact, the injectivity is easy as the elements a i form a basis and the bilinear form is non degenerate. Suppose that for a ∈ A, ab i = j λ i j b j , then it is easy to see that a i a = j λ i j a j . So
As A is self-injective, then each homomorphism of bimodules from A to itself factoring through a projective bimodule actually factor through f . Notice furthermore that any bimodules homomorphism A ⊗ k A → A is of the form g x : b ⊗ a → bxa for some x ∈ A. Therefore, the image of 1 under the composition of f with g x is just τ (x). This proves that Im(τ ) = Z pr (A).
Remark 2.5
In the case of a symmetric algebra A over a field k, Broué has proven that Z pr (A) = Im(τ ), where τ : A → A is defined as above ( [5, 3.13 Proposition] ).
For the completeness of our discussion, we should mention that Héthelyi et al. (see [9] ) obtained another description of the Higman ideal for a symmetric k-algebra over a field k. To state it one needs some notations. Let A be a symmetric k-algebra over a field k. Then A is endowed with a non-degenerate associative symmetric bilinear form ( , ). With respect to this bilinear form, one can define the orthogonal V ⊥ of a subspace V ⊆ A by 
It follows that we only need to know τ (e i ) (1 ≤ i ≤ l) for computing the Higman ideal.
Lemma 2.6 [9, Lemma 4.3] With the notations above, for
Before stating some interesting application of this lemma, we first recall the definition of the Cartan matrix. Let A be a finite dimensional k-algebra over a field k. Suppose that 
Corollary 2.7 If A is a symmetric algebra over an algebraically closed field k of character-
istic p ≥ 0, then rank p (C A ) = dim H (A).
Remark 2.8
If A is a symmetric algebra over an algebraically closed field k of characteristic 0, then clearly rank p (C A ) = 0. This implies that the Higman ideal H (A) and therefore the projective center Z pr (A) are always nonzero in this case.
Example 2.9
Let k be an algebraically closed field. Consider the 4-dimensional local Frobenius k-algebra
One can define a non-degenerate associative bilinear form over A by posing
(for a construction of such bilinear forms for weakly symmetric algebras, see 
. This means that Corollary 2.7 is in general not true for non-symmetric algebras. Clearly in this example rank p (C A ) = dim Im(θ ). This is not a coincidence. In fact, this is true for arbitrary Frobenius algebras (Proposition 3.16).
Finally, we state some useful properties of the Higman ideal. We thank Shengyong Pan for pointing out an inaccuracy in the original proof of the following proposition.
Proposition 2.10
Suppose that B and C are two k-algebras over a commutative ring k.
. Then H(A) = H (B) × H (C) and this decomposition is compatible with the decomposition of centers Z (B × C) = Z (B) × Z (C). (2) If B and C are two derived equivalent algebras which are projective over k as k-modules, then there is an algebra isomorphism of centers of B and C mapping H (B) to H (C).
Proof (1) By Proposition 2.3, the Higman ideal is equal to the projective center. But the latter clearly satisfies the decomposition property. (2) Since the Higman ideal is equal to the projective center, it suffices to show that the projective center is a derived invariant. The latter has been proven by Broué [4, 4. 4 Corollary] for self-injective algebras. In fact, the idea in Broué's proof can be applied to arbitrary k-algebras which are projective over k. For the convenience of the reader, we shall give the detailed proof here.
By a result of Rickard [33] (see also [16] ), there is a complex
is an equivalence as triangulated categories. The (bounded) complex X • is called a two-sided tilting complex if it satisfies the following equalities in
Now since B and C are projective over k, we may assume that X • is a complex of bimodules each of which is projective as left-modules and projective as right-modules. Therefore the left derived tensor product can be replaced by the ordinary tensor product, which then is associative. It follows that tensor product with X • from the left and with Hom B (X • , B) from the right is associative and
is an equivalence between the derived categories of enveloping algebras over C and B. Under this equivalence, the C e -module C corresponds to B e -module B, and the C e -homomorphisms from C to C correspond to B e -homomorphisms from B to B. Moreover, any C e -homomorphism f from C to C factoring through a projective C e -module corresponds to a B e -homomorphism g from B to B factoring through a complex 
We define the transfer map as follows.
Notice that this map is just the composition of a map induced by the ring homomorphism
) and a map induced by the Hattori-Stallings trace map End B (M) → B/K (B).
We summarize some well known properties of the transfer map in the following ( 
1) If M is an A-B-bimodule and N is a B-C-bimodule such that M B and N C are finitely generated and projective, then we have t N
is just the trace of the linear map from Ae to Ae induced by the left multiplication by a. (2) Let A be a Frobenius k-algebra with a non-degenerate associative bilinear form ( , ) :
gives the usual dual basis of {a i }. We define a linear map θ : A → A by θ(a) = a i ab i for any a ∈ A (cf. next section). Let Ae ⊆ A be a projective A-module. We can choose {a i } as a union of a basis of Ae and that of
Remark 3.3
In the definition of trace map given above, we use an A-B-bimodule M which is finitely generated and projective as a right B-module. We can also define another transfer map
for a bimodule B M A which is finitely generated and projective as a left B-module. The definition is similar and we omit it.
Remark 3.4
The construction of transfer maps was generalized to higher degree Hochschild homology by Bouc [3] and Keller [13] . We shall use and refer to this generalization in a subsequent paper [15] . For transfer maps in higher degree Hochschild homology groups, except the properties in Lemma 3.1, there is an additional one:
(4) Suppose that k is an algebraically closed field and that A and B are finite dimensional k-algebras. Then for a finitely generated projective A-B-bimodule P, the transfer map From now on, k denotes a field and all algebras are supposed to be finite dimensional over k.
In the following, we define a dual notion of the stable center and prove that it is invariant under stable equivalences of Morita type. We remind the reader that the invariance of the stable centers under stable equivalences of Morita type has been shown by Broué ([4] ).
Given a k-algebra A, recall that the center Z (A) of A is equal to the 0-degree Hochschild cohomology algebra H H 0 (A) and the stable center Z st (A) is defined to be the quotient algebra Z (A)/Z pr (A) where Z pr (A) is the projective center. Motivated by this fact, we introduce the following (c 1i , c 2i , . . . , c li , 0, . . . , 0) where c i j is the (i, j) -entry of the Cartan matrix C A and therefore the matrix of (t Ae 1 , . . . , t Ae l ) : A/K (A) → k l is equal to (C T A , 0). The result thus follows.
Corollary 3.9 Let A and B be two derived equivalent finite dimensional algebras over an algebraically closed field. Then
Proof This follows easily from Theorem 3.8 and the fact that both the p-rank of the Cartan matrix and the 0-degree Hochschild homology group are invariant under a derived equivalence. Indeed, a derived equivalence induces a mapping on the Grothendieck groups of the algebras. It is well-known that this mapping commutes with the Cartan mapping. Hence, the same holds tensoring the Grothendieck groups with the base field over the integers. This shows that the p-rank of the Cartan matrix is a derived invariant. 
(A) is a Z (A)-submodule of H H 0 (A). In fact, we can assume that A is indecomposable and thus Z (A) is local. Let x ∈ H H st 0 (A). Then t Ae i (x) = 0 for each i. Let z ∈ Z (A), write z = λ + u where λ ∈ k and u is nilpotent. Now t Ae i (zx) = t Ae i (λx) + t Ae i (ux). We have t Ae i (λx) = λt Ae i (x)
= 0 and since u is nilpotent, the left multiplication by ux on Ae i is a nilpotent linear map, t Ae i (ux) = 0. Therefore t Ae i (zx) = 0 for each i and zx ∈ H H st 0 (A).
Theorem 3.11 Suppose that there is a stable equivalence of Morita type between two finite dimensional k-algebras A and B over an algebraically closed field k. Then their stable Hochschild homology groups H H st 0 (A) and H H st 0 (B) are isomorphic.
Proof Suppose that the stable equivalence of Morita type between A and B are defined by
Then we have the transfer maps t M : H H 0 (A) → H H 0 (B) and t N : H H 0 (B) → H H 0 (A).
Moreover, 
(B). Remark 3.12
The algebraically closed field condition is necessary in Theorem 3.11. For example, let k = R. Consider two k-algebras A = R and B = C. Since they are separable algebras, they are stably equivalent of Morita type, but we see easily that dim H H st 0 (A) = 0 and dim H H st 0 (B) = 1. We will establish a realization of the stable Hochschild homology group for Frobenius algebras. Let A be a Frobenius k-algebra with a non-degenerate associative bilinear form ( , ) : A × A → k. Since this bilinear form is not necessarily symmetric, we have the notions of left orthogonal and right orthogonal. Let V ⊆ A be a subspace. Then we define the subspaces
The following lemma is easy and its proof is left to the reader.
Lemma 3.13 (1) If I is a left ideal of A, then I I ⊥ = 0. (2) J (A) ⊥ = Soc(A).
Let {a i } and {b i } be a pair of dual bases of A, that is, (a i , b j ) = δ i j . We define a linear map θ : A → A by θ(x) = a i xb i for any x ∈ A. It is readily seen that the definition does not depend on the choice of the dual bases. However, this map depends on the choice of the bilinear form, as can be seen in the following example given by Ohtake and Fukushima. We present it in a more general form than the original one. 
It is readily seen that the image of θ corresponding to the first bilinear form is the one-dimensional vector space generated by the identity matrix and the image of θ corresponding to the second bilinear form is the one-dimensional space generated by P.
We can nevertheless prove the following
Lemma 3.15 Let A be a Frobenius algebra with two non-degenerate associative bilinear forms ( , ) and ( , ) . Denote by θ, θ the maps defined above corresponding to the two bilinear forms. Then dim Im(θ ) = dim Im(θ ).
Proof Indeed, there is an invertible element u ∈ A such that (a, b) = (a, bu −1 ) for any a, b ∈ A. So if {x i }, {y i } is a pair of dual bases for ( , ), then {x i }, {y i u} is a pair of dual bases for ( , ) . Computing Im(θ ) and Im(θ ) using these bases, one get Im(θ ) = Im(θ )u ⊆ A. So their dimensions are equal.
The following proposition summarizes some properties of the above map θ . Some idea of our proof comes from [9, Section 4] . Notice that ⊥ Im(θ ) in the following proposition is independent to the choice of bilinear forms. 
is basic, then under suitable bases of A/J (A) and Soc(A), the matrix of the map θ : A/J (A) → Soc(A) induced from θ is the transpose of the Cartan matrix C A .
Proof We choose carefully a basis {a i } and its dual basis {b i } in A. Suppose that
Write E t i j for the matrix in M u t (k) whose entry at the position (i, j) is 1 and is zero elsewhere. Then take a 1 = e 1 , a 2 = e 2 , . . . , a m = e m ∈ A such that their images in A/J (A) correspond to the matrices E t ii for 1 ≤ i ≤ u t and 1 ≤ t ≤ r and take a m+1 , . . . , a n such that their images in A/J (A) correspond to E t i j for 1 ≤ i = j ≤ u t and 1 ≤ t ≤ r . Then {a 1 . . . , a n } are linearly independent in A and their images in A/J (A) form a basis of A/J (A) as a vector space. Notice that for m + 1 ≤ u ≤ n, a u ∈ e i Ae j for some
Now we can prove the first assertion. Since for any x ∈ A,
we need to prove that J (A) · Im(θ ) = 0. Let y ∈ J (A) and x ∈ A. For 1 ≤ i ≤ n, we get
etc. This proves that Im(θ ) ⊆ Soc(A). Now let x ∈ J (A). Then for 1 ≤ i ≤ n, we get
etc. This proves that J (A) ⊆ Ker(θ ).
Next we come to the second and the third assertions. We prove first that a m+1 , . . . , a n ∈ Ker(θ ). We will choose another basis of A and its dual basis. Let X i j ⊂ e i Ae j be a basis of e i Ae j for 1 ≤ i, j ≤ m. Then X = ∪X i j is a basis of A. If x ∈ X i j , denote by x * the corresponding element in the dual basis and it is easy to see that x * ∈ e j A.
Note that a u ∈ e s Ae t for some s = t. Since xa u x * ∈ e i Ae j e s Ae t e j A = 0 for x ∈ X i j , we have θ(a u ) = 0. This implies that a m+1 , . . . , a n ∈ Ker(θ ) and that θ(e 1 ), . . . , θ(e m ) generate Im(θ ) as a vector space.
Since by Example 3.
Thus the second assertion holds. For the third assertion, by Theorem 3.8,
and we see that
Now suppose that A is basic. As above let e 1 , . . . , e m be a complete set of orthogonal primitive idempotents and extend them to a basis of A and take the dual basis We have thus
For a symmetric k-algebra A, we can give a simple description for the stable Hochschild homology group H H st 0 (A).
Proposition 3.17 Let A be a finite dimensional symmetric k-algebra over an algebraically closed field k. Then we have that H H
st 0 (A) = Z pr (A) ⊥ /K (A), where Z pr (A) ⊥ is
the orthogonal space of the projective center Z pr (A).
Proof For symmetric algebras, the map θ is the same as the map τ introduced in Sect. 2. So by Proposition 3.16 (2) and Proposition 2.3, we have that
Remark 3.18 (1) Let k be an algebraically closed field. If A is a finite dimensional k-algebra of finite global dimension, then H H st 0 (A) = 0. In fact, in this case the determinant of the Cartan matrix is invertible in Z, so the p-rank of the Cartan matrix is full, that is,
where the last equality is Formula (5) of [17] . So we have the equality
by Remark 3.10 (1). On the other hand, according to [18] ,
(2) In [8] , Eu and Schedler also defined a notion of stable Hochschild (co)-homology groups for any Frobenius k-algebra. In particular, for a Frobenius algebra A over a field k, the 0-degree stable Hochschild homology group of A is defined there as the kernel of the canonical homomorphism A ⊗ A e A → A ⊗ A e I , where I is the injective envelope of the A e -module A. We point out that even for symmetric k-algebras, the two definitions of 0-degree stable Hochschild homology group may be different. For example, let k be a field of characteristic 0 and let
. Then it is easy to compute that the 0-degree stable Hochschild homology group in our sense is a one dimensional k-space but it is zero in Eu and Schedler's sense.
Example 3.19
Let A be an indecomposable non-simple self-injective Nakayama algebra over an algebraically closed field k of characteristic p ≥ 0. That is, there is a cyclic oriented quiver Q with s vertices such that A = k Q/k Q ≥sn+t with n ≥ 0, 0 < t ≤ s and sn + t ≥ 2 and where k Q ≥sn+t is the ideal generated by all paths of length ≥ sn + t. We can prove that
, where u is the greatest common divisor of s and t. Notice that the dimension of the degree zero stable Hochschild homology group depends on p. In fact, since dim A/K (A) = s + n, by Theorem 3.8, one only needs to compute the p-rank of the Cartan matrix C A . This has been done in [28] which gives the following formula
Cartan matrices and stable Grothendieck groups
Let k be a field and A be a finite-dimensional k-algebra. The stable Grothendieck group G st 0 (A) is by definition the cokernel of the Cartan map. In other words, we have the following short exact sequence
where C A is the Cartan matrix of A and where K 0 (A) (respectively, G 0 (A)) is a free abelian group of finite rank generated by isomorphism classes of indecomposable projective modules (respectively, isomorphism classes of simple modules). Suppose that the invariant factors of the Cartan matrix are {0, . . . , 0, 1, . . . , 1, δ 1 , δ 2 , . . . , δ r }, where δ i ≥ 2. Denote by m i (i = 0, 1) the number of i in the above sequence. Then the stable Grothendieck group is isomorphic to Z m 0 ⊕ Z/δ 1 Z ⊕ · · · ⊕ Z/δ r Z. We remark that the stable Grothendieck group gives the precise values of m 0 and r but cannot detect m 1 which is the number of 1 in the sequence of invariant factors of C A . Now we consider two finite dimensional k-algebras A and B. If they are stably equivalent of Morita type, then it is known that their stable Grothendieck groups are isomorphic (see [39, Section 5] ). Note that for a self-injective k-algebra, its stable category is naturally triangulated and the stable Grothendieck group is just the Grothendieck group of the stable category as a triangulated category (see [38, Proposition 1] ). Thus if the stable categories of two self-injective k-algebras are triangle equivalent, then their stable Grothendieck groups are isomorphic. Our aim is to prove the following result. Proof By the discussion above, the stable Grothendieck groups of A and B are isomorphic, so are the stable Grothendieck groups with coefficients in k, that is,
Tensoring by k on the short exact sequence defining the stable Grothendieck group, we have
Note that the rank of the map C A ⊗ Z k is just the p-rank of C A and G 0 (A) ⊗ Z k is a vector space over k whose dimension is the number l(A) of isomorphism classes of simple modules. We have
This establishes the equivalence of (1) and (2) .
The equivalence of (1) and (3) follows from the facts that m 0 + m 1 (A) + r = l(A) and that stable Grothendieck groups can detect m 0 and r . 
By the proof of Proposition 4.1, we have
and by Theorem 3.8,
Combining these three equalities, we obtain
and the result follows from the fact that both dim H H st 0 (A) and dim(G st 0 (A) ⊗ Z k) are invariant under stable equivalences of Morita type.
Equivalent conditions of the Auslander-Reiten conjecture
Using our results in previous sections, we can now give some easily expressed equivalent conditions of the Auslander-Reiten conjecture for stable equivalences of Morita type. Proof The equivalence of (1) and (2) follows from Theorem 3.8, Theorem 3.11 and Proposition 4.1. If A and B have no semisimple summand, then by [20] , the stable equivalence of Morita type induces a bijection between the isomorphism classes of simple projective modules over A and B, and therefore (1) and (3) are equivalent in this case.
Now we specialize to symmetric algebras. Let A be a symmetric k-algebra with a nondegenerate associative symmetric bilinear form ( , ). Since K (A) ⊥ = Z (A) (cf. Sect. 2), the form ( , ) induces a well-defined non-degenerate bilinear form
It follows that we have a duality between Hochschild homology and cohomology, that is, 
•. If we glue the source vertex 1 and the sink vertex 3 and put a zero relation in the above quiver, then we get a subalgebra B of A which is given by the following quiver
with relations αβ = 0. By [25] , A and B are stably equivalent. In [14] , it was shown that such stable equivalence is not of Morita type, but still induced by tensoring a pair of bimodules. On the other hand, we have dim H H 0 (A) = 3 and dim
Power-p maps and the Auslander-Reiten conjecture
In this section, we work over an algebraically closed field k of positive characteristic p > 0 and in this special case we will give another proof of the main Theorem 5.1. As an application, we get some new computable invariants of stable equivalences of Morita type.
One of the properties of the 0-degree Hochschild homology group is that it admits a power-p map, that is,
The above map is well-defined and additive (see, for example, [17] ). We shall prove that this map restricts to the stable 0-degree Hochschild homology group. We begin with a lemma. The second assertion follows from the first and the construction of the transfer map.
We now prove that the power-p map can restrict to the stable Hochschild homology group. Recall that T n (A) = {x ∈ A | x p n ∈ K (A)} is a k-subspace of A and that (see [17, (9) ]) Combining Corollary 6.2 and Lemma 6.1, we obtain the main result of this section. We can now state a theorem of the third author saying that the Külshammer ideals are derived invariants. This theorem motivates the work in this article. 
